
A dynamic model provides information about why a robot moves, we can express a dynamic model
with the following equation: 
𝜏 = 𝑀(𝑞)𝑞̈ + 𝑏(𝑞, 𝑞̇)𝑞̇ + 𝑔(𝑞)
Where:
𝜏: vector of joint torques (revolute joints) or forces (prismatic joint)
𝑞: vector of joint position
𝑀(𝑞): generalized mass matrix
𝑏(𝑞, 𝑞̇): coriolis and centrifugal terms
𝑔(𝑞): gravitational terms

The above equation is the inverse dynamic model which receives the joint positions, velocities and 
accelerations to determine the joint torques. It can be based on Newtonian and/or Lagrangian 
mechanics formulation.

Langrage Formulation
This formulation describes the behavior of any dynamic system in terms of work and energy stored 
in the 
system. The equations for the joint 1 ⋯ 𝑛

𝜏௜ =
𝑑

𝑑𝑡
⎯⎯

𝜕𝐿

𝜕𝑞௜
⎯⎯⎯−

𝜕𝐿

𝜕𝑞௜
⎯⎯⎯

Where:
𝐿: Langragian of the robot
𝑇: 𝐾𝑖𝑛𝑒𝑡𝑖𝑐 𝐸𝑛𝑒𝑟𝑔𝑦
𝑈: Potential Energy
𝐿 = 𝑇 − 𝑈

The kinetic energy can be expressed as:
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Where:
𝑚௜: The mass
𝐽ௌ௜

: 𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑘𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠

𝜃ௌ௜
: 𝐼𝑛𝑒𝑟𝑡𝑖𝑎 𝑚𝑎𝑡𝑟𝑖𝑥

𝐽ோ௜: 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑘𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠

The gravitational potential energy is expressed as:
𝐹௚௜
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Where:
𝐼௚

௘: 𝑈𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑎𝑐𝑡𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑡 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑚𝑎𝑠𝑠
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Where:
𝑟ௌ௜

: 𝑇ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑠𝑠
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𝑟ௌ௜
: 𝑇ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑠𝑠

Additional content:
Rotation vector:
𝑣⃗ = 𝜔ሬሬ⃗ × 𝑟
‖𝑣⃗‖ = ‖𝑤ሬሬ⃗ ‖‖𝑟‖ sin 90 = 𝑤𝑟
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